We present a phylogenetic approach rooted in the field of population genetics that more 16 realistically models the evolution of protein-coding DNA under the assumption of 17 stabilizing selection for a gene specific, optimal amino acid sequence. In addition to being 18 consistent with the fundamental principles of population genetics, our new set of models, 19 which we collectively call SelAC (Selection on Amino acids and Codons), fit phylogenetic 20 data much better than popular models, suggesting strong potential for more accurate 21 inference of phylogenetic trees and branch lengths. SelAC also demonstrates that a large 22 amount of biologically meaningful information is accessible when using a nested set of 23 mechanistic models. For example, for each position SelAC provides a probabilistic estimate 24 of any given amino acid being optimal. SelAC also assumes the strength of selection is 25 proportional to the expression level of a gene and, therefore, provides gene specific 26 estimates of protein synthesis rates. Finally, because SelAC is a nested approach based on 27 clearly stated biological assumptions, it can be expanded or simplified as needed. 28 Phylogenetic analysis now plays a critical role in most aspects of biology, 29 particularly in the fields of ecology, evolution, paleontology, medicine, and conservation. 30 While the scale and impact of phylogenetic studies has increased substantially over the 31 past two decades, the realism of the mathematical models on which these analyses are 32 based has changed relatively little by comparison. For example, the simplest but most 33 popular models are nucleotide-based, which are naturally agnostic with regards to the 34 different amino acid substitutions and their impact on gene function (e.g. F81, F84, 35 HYK85, TN93, and GTR, see Yang (2014) for an overview). 36 Another set of models attempt to include a 'selection' term ω, but the link between 37 ω and the key parameters found in standard population genetics models such as N e and 38 the distribution of fitness across genotype space is far from clear. For instance, ω is 39 generally interpreted as indicating whether a sequence is under 'purifying' (ω < 1) or 40 'diversifying' (ω > 1) selection. However, the actual behavior of the model is quite 41 different. When ω < 1 the model behaves as if the resident amino acid i at a given site is 42 favored by selection since synonymous substitutions have a higher substitution rate than 43 any possible non-synonymous substitutions. Paradoxically, this selection regime for the 44 resident amino acid i persists until a substitution for another amino acid, j, occurs. As 45 soon as amino acid j fixes, but not before, selection now favors amino acid j over all other 46 amino acids, including i. This is now the opposite scenario to when i was the resident.
such that at equilibrium, one unit of branch length represents one expected mutation per site (which equals the substitution rate under neutrality, but would not with selection).
Given the definition of the Gamma distribution, the variance in G p is equal to 184 α/β 2 = 1/α G . Further, at the limit of α G → ∞, the model becomes equivalent to assuming 185 uniform site sensitivity where G p = 1 for all positions p. Finally, we note that B( a i | a * ) is 186 inversely proportional to the average physicochemical deviation of an amino acid sequence 187 a i from the optimal sequence a * weighted by each site's sensitivity to this deviation. 188 B( a i | a * ) can be generalized to include second and higher order terms of the distance 189 measure d. 190 Cost.-Protein synthesis involves both direct and indirect assembly costs. Direct costs consist of the high energy phosphate bonds ∼ P of ATP or GTP's used to assemble the ribosome on the mRNA, charge tRNA's for elongation, move the ribosome forward along the transcript, and terminate protein synthesis. As a result, direct protein assembly costs are the same for all proteins of the same length. Indirect costs of protein assembly are potentially numerous and could include the cost of amino acid synthesis as well the cost and efficiency with which the protein assembly infrastructure such as ribosomes, aminoacyl-tRNA synthetases, tRNAs, and mRNAs are used. When these indirect costs are combined with sequence specific benefits, the probability of a mutant allele fixing is no longer independent of the rest of the sequence (Gilchrist et al. 2015) and, as a result, model fitting becomes substantially more complex. Thus for simplicity, in this study we ignore indirect costs of protein assembly that vary between genotypes and define, C( c i ) = Energetic cost of protein synthesis.
(2)
where, A 1 and A 2 represent the direct cost, in high energy phosphate bonds, of ribosome 191 initiation and peptide elongation, respectively, where A 1 = A 2 = 4 ∼ P .
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Defining Physicochemical Distances
193
Assuming that functionality declines with an amino acid a i 's physicochemical distance from the optimum amino acid a * at each site provides a biologically defensible way of mapping genotype to protein function that requires relatively few free parameters. In addition, SelAC naturally lends itself to model selection since we can compare the quality of SelAC fits using different mixtures of physicochemical properties. Following Grantham (1974), we focus on using composition c, polarity p, and molecular volume v of each amino acid's side chain residue to define our distance function, but the model and its implementation can flexibly handle a variety of properties. We use the Euclidian distance between residue properties where each property c, p, and v has its own weighting term, α c , α p , α v , respectively, which we refer to as 'Grantham weights'. Because physicochemical distance is ultimately weighted by a gene's specific average protein synthesis rate ψ, another parameter we estimate, there is a problem with parameter identifiablity. Ultimately, the scale of gene expression is affected by how we measure physicochemical distances which, in turn, is determined by our choice of Grantham weights. As a result, by default we set α v = 3.990 × 10 −4 , the value originally estimated by Grantham, and recognize that our estimates of α c and α p and ψ are scaled relative to this choice for α v . More specifically,
Linking Protein Synthesis to Allele Substitution

194
Next we link the protein synthesis cost-benefit function η of an allele with its fixation 195 probability. First, we assume that each protein encoded within a genome provides some 196 beneficial function and that the organism needs that functionality to be produced at a 197 target average rate ψ. By definition, the optimal amino acid sequence for a given gene, a * , 198 produces one unit of functionality. Second, we assume that protein expression is regulated 199 by the organism to ensure that functionality is produced at rate ψ. As a result, the realized 200 average protein synthesis rate of a gene, φ, by definition, satisfies the equality φ = ψ/B( a).
201
In other words, the average production rate of a protein a with relative functionality 202 B( a) < 1 must be 1/B( a) times higher than the production rate needed if the optimal 203 amino acid sequence a * was encoded since, by definition, B( a * ) = 1. For example, a cell 204 with an allele a where B( a) = 0.9 would have to produce the protein at rate φ = 10/9 × ψ.
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In contrast, a cell with the optimal allele a * would have to produce the protein at rate 206 φ = ψ. Similarly, a cell with an allele a where B( a) = 1/2 will have to produce the protein 207 at φ = 2ψ. Simply put, the fitness cost for a genotype encoding a suboptimal protein 208 sequence stems from the need to produce suboptimal proteins at a higher rate in order to 209 compensate for their lower functionality.
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Third, we assume that every additional high energy phosphate bond, ∼ P , spent per unit time to meet the organism's target function synthesis rate ψ leads to a slight and proportional decrease in fitness W . This assumption, in turn, implies
where A 0 , again, describes the decline in fitness with every ∼ P wasted per unit time.
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Because A 0 shares the same time units as ψ and φ and only occurs in SelAC in conjunction 212 with ψ, we do not need to explicitly identify our time units.
213
Correspondingly, the ratio of fitness between two genotypes is,
Given our formulations of C and B, the fitness effects between sites are multiplicative and, therefore, the substitution of an amino acid at one site can be modeled independently of the amino acids at the other sites within the coding sequence. As a result, the fitness ratio for two genotypes differing at a single site p simplifies to
where P represents the codon positions in which c i and c j differ. Fourth, we make a weak mutation assumption, such that alleles can differ at only one position at any given time,
i.e. |P| = 1, and that the population is evolving according to a Fisher-Wright process. As a result, the probability a new mutant, j, introduced via mutation into a resident population i with effective size N e will go to fixation is, 
where, given the substitution model's weak mutation assumption, N e µ 1. In the end, 214 each optimal amino acid has a separate 64 x 64 substitution rate matrix Q a , which 215 incorporates selection for the amino acid (and the fixation rate matrix this creates) as well 216 as the common mutation parameters across optimal amino acids. This results in the 217 creation of 20 Q matrices, one for each amino acid and each with 3, 721 entries which are 218 based on a relatively small number of model parameters (one to 11 mutation rates, two free 219 Grantham weights, the cost of protein assembly, A 1 and A 2 , the gene specific target 220 functionality synthesis rate ψ, and optimal amino acid at each position p, a * p ). These model 221 parameters can either be specified a priori or estimated from the data.
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Given our assumption of independent evolution among sites, it follows that the 223 probability of the whole data set is the product of the probabilities of observing the data at 224 each individual site. Thus, the likelihood L of amino acid a being optimal at a given site
In this case, the data, D p , are the observed codon states at position p for the tips of the 227 phylogenetic tree with topology T. For our purposes we take T as given but it could be 
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Finally, we note that because we infer the ancestral state of the system, our parameter estimates can be generated by an 'adaptive search' procedure that we 266 implemented to provide an estimate of the parameter space that is some pre-defined 267 likelihood distance (e.g., 2 lnL units) from the maximum likelihood estimate (MLE), which 268 follows Beaulieu and OMeara (2016); Edwards (1984) . 269 We note that our current implementation of SelAC is painfully slow, and is best 270 suited for data sets with relatively few number of taxa (i.e. < 10). rely on the phylogeny depicted in Fig. 1 of Salichos and Rokas (2013) for our fixed tree. 302 We fit the two SelAC models described above (i.e., SelAC and SelAC+Γ), as well as two 303 codon models, GY94 and FMutSel0, and a standard GTR + Γ nucleotide model. The
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FMutSel0 model, which assumes that the amino acid frequencies are determined by 305 functional requirements of the protein. In all cases, we assumed that the model was 306 partitioned by gene, but with branch lengths linked across genes.
307
For SelAC, we compared our estimates of φ = ψ /B, which represents the average 308 protein synthesis rate of a gene, to estimates of gene expression from empirical data. SelAC has with respect to other standard phylogenetic models, we also evaluated the which we estimated for each gene under the FMutSel0 model strongly correlated with our 426 estimates of φ = ψ /B where B depends on the sequence of each taxa. In fact, ω showed 427 similar, though slightly reduced correlations, with the same empirical estimates of gene 428 expression described above (Figure 2 ). This would give the impression that the same 429 conclusions could have been gleaned using a much simpler model, both in terms of the 430 number of parameters and the assumptions made. However, as we discussed earlier, not 431 only is this model greatly restricted in terms of its biological feasibility, SelAC clearly 432 performs better in terms of its fit to the data and biological realism.
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For example, when we simulated the sequence for S. cervisieae, starting from the castellii is simulated with consistently higher functionality than observed (Figure 3c ). We 442 suspect this is an indication that assuming a single set of optimal amino acid across all 443 taxa may be too simplistic, but we cannot also rule out other potential simplifying 444 assumptions in our model, such as a single set of Grantham weights and α G values or the 445 simple, inverse relationship between physicochemical distance d and benefit B.
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Finally, we note that our simulation analysis suggested that the best measure of Simulations the parameters in the model, but also the optimal amino acids for a given sequence as well 752 as the estimates of the branch lengths. There are a few observations to note. First, the 753 ability to accurately recover the true optimal amino acid sequence will largely depend on 754 the magnitude of φ. This is, of course, intuitive, given that φ sets the strength of 755 stabilizing selection towards an optimal amino acid at a site. However, the inclusion of α G 756 into the model, appears to generally increase values of φ and generally improves the ability 757 to recover the optimal amino acids even for the gene with the lowest baseline φ. Second, we Figure S3 : Summary of a 5-gene simulation for a SelAC model where we assume α G = ∞, and thus, no site-specific sensitivity in the generating model. The 'known' parameters were based on fitting the same SelAC to the 106 gene data set and phylogeny of Rokas et al. (2003) , with gene choice being based on five evenly spaced points along the rank order of the gene specific composite parameter ψ g . The points and associated uncertainty in the estimates of the gene-specific average protein synthesis rate, or ψ (calculated from ψ )(a), nucleotide mutation rates under the UNREST model (b), proportion of correct optimal amino acids for a given gene (c), and estimates of the individual edge lengths are based the mean and 2.5% and 97.5% quantiles across all 50 simulated datasets (d). Gene index on the x-axis refers to the arbitrary number assigned to the simulated gene. Figure S3 , except the generating model includes site-specific sensitivity in the generating model (i.e., α G ). Figure S4 , except the generating model includes site-specific sensitivity in the generating model (i.e., α G ). Unlike, Grantham weights, which showed no systematic bias, there is a downward bias in estimates of α G .
